ON FIXED POINT SETS
OF HOMEOMORPHISMS OF THE #-BALL

BY
HELGA SCHIRMER

ABSTRACT

Conditions are investigated under which a subset A can be the fixed point set
of a homeomorphism of B™. If either 4 M 0B™ # (Jf and n arbitrary or A N
0B™ = (7§ and n even it is necessary and sufficient that 4 is non-empty and
closed. If A N 0B" = ( and n odd, conditions which are either necessary or
sufficient (but not both) are given.

1. Introduction. The purpose of this note is to find conditions under which
a — by necessity non-empty and closed — subset 4 can be the fixed point set
under a homeomorphism of the n-ball B". The answer depends on whether 4
contains a point of the boundary dB* of B" or not. If 4 NJB" &, then no
further conditions are needed (Theorem 1). This is still true if A NéB" = & and
n is even (Theorem 2), but not if n is odd. A necessary condition for this case is
given in Theorem 3, a sufficient one in Theorem 6. A condition which is both
necessary and sufficient still has to be found.-—The case n =1 is different and
stated in Theorem 7.

The question as to which subsets can be fixed point sets under a homeomorphism
of B" was investigated by Robbins [2], who proved Theorem 2 for n =2 and
sketched a proof for the general case. He also proved a consequence of Theorem 3
and stated Theorem 1 for n = 2 but with an incorrect proof (the function f he
constructs need not satisfy f(B?) < B2).

2. The case A NOB"# .

THEOREM 1. If A is a non-empty closed subset of B® with A NOB" 3 ¥, then
there exists for all n > 1 a homeomorphism of B® with A as fixed point set.

Proof. Let
I"={xEE"I0§xi§ 1, i= 1,2,...’n}
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be an n-cube in Euclidean space E", and let J*~! be the union of all the (n — 1)-
faces of I" apart from the one for which x, = 0. We identify J*~! to a point r,
and denote the projection onto the quotient space by p:I", J*~1 — I*/J"~1, r,.
Take a point s, of A NJB" and choose a homeomorphism h:I*/J""1, ro — B, s,.
Define A’ < I" by A’ = (ho p)~1(4); note that then J"~! < 4’,

We now construct a homeomorphism f* of I" with fixed point set A’. Consider
the map f’ given by

f’(xl’xZa Tt x,,) = (xl + %d(x’A’)sta ""xn)

for all x = (xq, X3, ***, X,) € I", where d(x, A’) denotes the Euclidean dis-
tance of x from A’. As (1,x,,-,x,)€l4’ we have d(x,4") £ 1 — x; and hence
X, + 3d(x,4’) £ 1, so that f'(I") < I". The fixed point set of f’ is clearly A4’
It remains to be shown that f’ is a homeomorphism.

Assume that f’ is not injective so that there exist points y, zeI" with f'(y)
=f'(z) but y £ z. Then y, % z,, y; = z,for i = 2,3, .-, n, and we can assume that
y1 > 21- As f'(y) = f'(z) we have

yi+3dy,A) =z, + 3 d(z,4").

Using d(y,z) = y, — z, we obtain

2d(y,z) + d(y, A"y = d(z, A’).
But it is necessary that

d(z,y) +d(y,A") 2 d(z,4"),

which contradicts the previous formula. Therefore f” is injective.

In order to see that f' is surjective it is sufficient to see that it is surjective on
each interval I of I” parallel to the x; — axis. But this follows from the fact that
f lI : I - [ is a continuous function which leaves the two end points of I fixed.
Hence ' is a homeomorphism of I" with fixed point set A’.

Now define f: B" — B" by

f=hopof'op~toh~i,

As p is a projection and f’o p~! is single-valued it follows that f’o p=! is con-
tinuous, so that f is a map. From its construction we see that f is a homeo-
morphism of B" with fixed point set 4 as required.
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3. The case A NOB" = (.

THEOREM 2. (Robbins). If A is a non-empty closed subset of B*" with
ANJOB*™ = (F, then there exists a homeomorphism of B?" with A as fixed
point set.

Proof. Without loss of generality we can assume that B?" is given by

2 2n
B "= X = (xl,xZ,"',X2n)eE

2n
)) x,fg1}
k=1

and that 0 =(0,0,---,0) € A. Define a map f: B?"— B?" by

f(xpxz, T x2n) = (x’nx’z, Tty xlzn)9

where
X3i-1 = X2;—1COSY + X,;8inyy )
' ' ' (i=1,2,,n)
X3 = — Xy_Siny + x,,co8y
with ¥ = d(x, A).

Then A is the fixed point set of f. We show that f is a homeomorphism.
Let y, z be two points of B" such that f(y) =f(z); we can assume that
d(y,A) = d(z, A). Put

0 =d(y,A) — d(z, 4).

As0 £ d(x,A) £ 1forallxe B>, wehave 0 < 8 < 1. Now consider the projections

PAy), p{z), and p,f(y) of y, z, and f(y) = f(2) into the (x3;_,,x;;)-plane. p;f(y)
is obtained from p(y) and p,z) by rotation on a circle with centre 0 and raduis
r= \/(yii_l + y2,) through angles d(y,A) and d(z,A) respectively. Hence

d(p{y), p{(2)) = 2r;sin6)2.
But

d(,2) = [E ) p.-(z»],

therefore

d(y,2) =2 J()I: rf) sin /2.

As X1r? = d*(y,0) £ 1, we obtain
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d(y,z) £ 2sin /2.
From
d(y,Z) 2 d(y’A) - d(Z5A) =0
it follows that
0 <2sinf/2,

which is only possible if ¢ =0, i.e. if d(y,4) = d(z,A). Therefore we have p,(y)
= p{(z) for i=1,2,---,n, and hence y =z. So f is injective.

As | f(x)| =|x| for all xe B?" it follows that f is surjective if it is surjective on
every (2n — 1)-sphere |x|=¢, 0 <¢ < 1. The homotopy

ft(xl’xz""’xZn) = (x’laxé""’xén)

defined by

Xgim1 = Xpi_1COSHY + x,sinty
(i=12,-,m0Zt g

x;i = = X3i-1 Sin tlp + xZiCOS tlp

shows that on every such (2rn — 1)-sphere the restriction of the map f=Ff, is
homotopic to the identity map f,. Therefore it is essential and must be surjective.
This completes the proof of Theorem 2.

We now derive some necessary conditions on A for balls of odd dimension.

THEOREM 3. If the subset A of B*** ! is the fixed point set of a homeomorphism
of B**! and if ANOB*™*' =, then A contains no 2n-sphere.

Proof. (Robbins). Let A contain a 2n-sphere; we can assume that it is the set
{xe E**!||x| =1} inside B**'={xe®"||x|<1}. Define a homotopy
f:: 6BZn+1 __)aB2n+1 by

£00) =f(%—l-x)/‘f(t ! lx)], (xedB** 1 0<t< 1),

Then fy(x) = x and f,(x) = f(x), so that the restriction of f to B*"*! is a map
of an even-dimensional sphere which is homotopic to the identity and fixed point

free. But this is impossible.

COROLLARY 4. If the subset A of B>+ is the fixed point set of a homeomorphism
of B™*! and if ANOB™ ' = (¥, then the interior of A is empty.
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Proof. Any point of the interior of A would have a neighbourhood in 4 which
contains a 2n-sphere.

COROLLARY 5. Ifthe subset A of B***1 is the fixed point set of a homeomorphism
of B**! and if A N\oB**! = (¥, then dimA < 2n + 1.

Proof. If dimA =2n + 1 then A contains a non-empty subset which is open
in B2"*1 (see [1, p. 44]). Hence the interior of A would not be empty.

THEOREM 6. Letn 2 1. If the non-empty closed subset A of B***! is contained
in a hyperplane, then there exists a homeomorphism of B+ with A a fixed

point set.

Proof. It follows from Theorem 1 that we only have to prove the case
where 4 N 8B+ = (F. Let then B**! = {xe E***!||x| < 1} and B?»
= {xeBz"“llxn+1 =0}. We can assume that 4 = B*" and Oe 4. Construct
a homeomorphism f,, of B*" according to Theorem 2 and extend it over B2n+1
by defining

f(xla X253 X2p 4 1) = (f2n(xl’ X2s°tts xZn)a — X2n4 1)'
Then the homeomorphism f satisfies Theorem 6.

4. The case » = 1. The case n = 1 follows easily from the fact that a homeo-
morphism of B! is a strictly monotonic function. We state the resuit.

THEOREM 7. The subset A of B* is the fixed point set of a homeomorphism of
B! if and only if one of the following two conditions is true:

(i) A consists of a single point in the interior of B,

(ii) A is non-empty, closed, and 0B* < A.
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